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COUNTABLE APPROXIMATION OF TOPOLOGICAL
G-MANIFOLDS, III: ARBITRARY LIE GROUPS G
QAYUM KHAN
This paper is dedicated to the memory of Jan W Jaworowski (1928–2013),
with whom the author had brief cordial interactions at Indiana University.
Abstract. The Hilbert–Smith conjecture states, for any connected topologi-
cal manifoldM , any locally compact subgroup of Homeo(M) is a Lie group. We
generalize basic results of Dugundji–Abels (1.8), Segal–Kosniowski–tomDieck
(2.6), G Bredon (3.7), Jaworowski–Antonyan et al. (5.4), and E Elfving (7.3).
The last implies, for any Lie group G, any Palais-proper topological G-manifold
(7.2) has the equivariant homotopy type of a countable proper G-CW complex.
Along the way, we verify an n-classifying space for principal G-bundles (5.9).
1. Equivariant absolute neighborhood retracts, I
Definition 1.1. Let G be topological group. For a subset S of a G-space X , write
OG(S) := {(Gx) | x ∈ S}, where Gx := {g ∈ G | gx = x},
for the set of G-orbit types, made of theG-conjugacy classes of isotropy groups.
For any subgroup H of G, the H-skeleton (H-fixed set) and the H-stratum are
SH := {x ∈ S | H 6 Gx} and SH := {x ∈ S | H = Gx}.
By a G-Banach space, we shall mean a real Banach space (V, ‖ · ‖) equipped
with a continuous actionG×V −→ V by isometric linear automorphisms of (V, ‖·‖).
Example 1.2. Let p be a prime. Consider the ultrametric dp(x, y) := |x − y|p on
the compact abelian topological group Zp := limn→∞ Z/p
n induced by the p-norm
|z|p := p
− sup({0} ∪ {n > 0 | zn = 0 ∈ Z/p
n}).
The Zp-Banach space C(Zp) consists of continuous functions Zp −→ R with the
sup-norm ‖ ·‖∞. There is a compact set in C(Zp) with infinitely many orbit types:
1
the closure of the set
{
N∑
n=1
cos(2pizn/p
n)
n2
}
N>0
of partial sums of an infinite series.
Note this particular sequence also shows the linear subspace C(Zp)sing is not closed.
Consider Kuratowski’s isometric embedding [Kur35, §6] for the p-adic integers:
Φ : (Zp, dp) −→ (C(Zp), ‖ · ‖∞) ; x 7−→ (y 7→ dp(x, y)).
For all x, y ∈ Zp, note that the midpoint between Φ(x) and Φ(y) has trivial isotropy.
Also Zp possesses invariant non-ultra metrics averaged from Cantor’s discontinuum.
1Similarly, for the circle group U1, the sequence (n 7−→ fn) with n-th term fn(z) = ℜ(zn)/n,
which has isotropy group Z/n, converges uniformly in C(U1) to f(z) ≡ 0, which has isotropy U1.
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Recall2 that any topological group is completely regular [Pon54, Теорема 10].
Hence the group is Tikhonov (T3.5) if the singleton {1} is closed (T0, Kolmogorov).
It has an invariant metric if T0 first-countable by Birkhoff–Kakutani [MZ55, 1.23].
Definition 1.3 (Palais). Let G be a locally compact Hausdorff group. Let X be a
Tikhonov space. A G-action onX is Palais (proper in sense of [Pal61, 1.2.2]) if each
point x ∈ X has a neighborhood U such that any y ∈ X admits a neighborhood V
in X satisfying the property that 〈U, V 〉G := {g ∈ G | U ∩ gV 6= ∅} is precompact.
Palais’ metrization condition [Pal61, 4.3.4] generalizes to a criterion [AdN03, B].
Lemma 1.4 (Antonyan–deNeymet). Let G be a locally compact Hausdorff group.
Let X be a metrizable space with Palais G-action. Then X is G-metrizable (that
is, admits a G-invariant metric: d(gx, gy) = d(x, y)) if and only if X/G is metriz-
able. Moreover, this criterion holds if also G is separable and X is locally separable.
Recall X is a G-ANR for the class C (C-absolute neighborhood G-retract) if
X belongs to C and, for any closed G-embedding of X into a member of C, there is a
G-neighborhood of X with G-retraction to X . More generally, X is a G-ANE for
the class C (C-absolute G-neighborhood extensor) if, for any member B of C and
closed G-subset A of B and any G-map A −→ X , there is a G-extension U −→ X
from a G-neighborhood U of A in B. A G-ANE need not belong to C. Write M for
the class of metrizable spaces and G-M for class of G-metrizable Palais G-spaces.
Dugundji extension [Dug51, 4.2] equivariantly generalizes to [Abe78, 4.2]. Abels
states it for K-Banach spaces but his proof uses Dugundji who excludes complete.
Lemma 1.5 (Abels). Let K be a compact Hausdorff group. Any closed convex
K-subset of a K-normed linear space is an absolute K-extensor for the class K-M.
Next is an induction [Ant99, Thm 5] and a neighborhood version of [Abe78, 4.4].
Lemma 1.6 (Abels–Antonyan). Let G be a locally compact Hausdorff group. A
Palais G-space X ∈ G-ANE(G-M) if X ∈ K-ANE(K-M) for all compact K < G.
Remark 1.7 (Abels). This holds if true on maximal compact K < G, if they exist.
Proposition 1.8. Let G be a locally compact Hausdorff group. Let X be a Palais
G-subset of a G-normed linear space V . Suppose that X is a G-neighborhood retract
of its closed convex hull co(X) in V . Then X is a G-ANR3 for the class G-M.
From the proof, observe any closed convex PalaisG-subset of V is a G-AE(G-M).
Proof. There exist aG-neighborhoodU ′ ofX in co(X) and aG-retraction r : U ′ −→
X . Let K be a compact subgroup of G. Suppose A is a closed K-subset of a K-
metrizable K-space B and f : A −→ X ⊂ co(X) is a K-map. By Lemma 1.5, there
exists a K-extension g : B −→ co(X) of f . Note U := g−1(U ′) is a K-neighborhood
of A in B. Then r◦g|U : U −→ X is a K-extension of f . Thus X ∈ K-ANE(K-M).
Therefore, by Lemma 1.6, and since the G-norm on V induces a G-metric on the
Palais G-space X , we obtain X ∈ G-ANE(G-M) ∩ (G-M) ⊆ G-ANR(G-M). 
2Montgomery and Zippin [MZ55, 1.18] credit this result to Pontryagin via Weil’s book (1940),
wherein the latter refers to the former’s book (1939). Later, Pontryagin’s second edition credits
Kolmogorov for regularity and then unnamed others for complete regularity [Pon54, Пример 32].
3A sequence of similar, but non-equivariant, criteria are exercise-statements in [Hu65, III:§6].
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For linear Lie groups G, the following is the forward direction of [AAMV17,
Proof 6.1]. However, that proof assumes much less and so we isolate this statement
for our use. Ageev [Age10] attributes the case of G a compact Lie group to Palais.
Lemma 1.9 (Antonyan–Antonyan–Mata-Romero–Vargas–Betancourt). Let G be
a locally compact Hausdorff group. Suppose that X is a G-ANR for the class G-M.
For any compact subgroup K of G, the K-skeleton XK is an ANR for the class M.
2. Non-equivariant construction of G-maps
Definition 2.1. Let G be a topological group, and let X be a G-space. Let H be
a subgroup of G. A subset S of X is an H-slice if GS is open in X and there exists
a G-map f : GS −→ G/H such that S = f−1(H), the preimage of the trivial coset.
R Palais’ slice theorem [Pal61, 2.3.1] has an approximate version without assum-
ing that G has no small subgroups. H Abels was the first to consider non-Lie G
[Abe78, 3.3] but excluded O below, which we need for Lemma 2.5. Independently,
H Biller [Bil03, 3.8] [Bil04, 2.5] and S Antonyan [Ant05, 3.6] prescribed such an O.
For any G, proper in the senses of Cartan, Bourbaki, and Palais are in [Bil04, 1.1].
Lemma 2.2 (Abels–Biller–Antonyan). Let G be a locally compact Hausdorff group.
Let X be a Tikhonov space equipped with a Palais-proper G-action. Let O be a
given neighborhood of some point x in X. There exist a compact subgroup H of G,
a normal subgroup N 6 H of G with G/N a Lie group, and an H-slice S in X
such that x ∈ S ⊂ O. (S becomes a slice at x if H = Gx.)
Palais’ proof of the Montgomery–Zippin neighboring-subgroups theorem [Pal61,
4.2.1] now similarly works, replacing the use of his slice theorem [Pal61, 2.3.1] for Lie
groups G with the above approximate one, at the expense of a weaker conclusion.
Corollary 2.3. Let G be a locally compact Hausdorff group. Let H be a compact
subgroup of G. Let U of {1} and O of H be neighborhoods in G. There exist both
a subneighborhood V ⊂ O of H in G and a compact subgroup H ′ ⊂ O of G, such
that any compact subgroup of G contained in V is U -conjugate into H ′ > H. 
Remark 2.4. Consider the additive group G = Zp of p-adic integers. If U = G and
H = 0, then H ′ 6= H , since there are nontrivial subgroups of Zp that are arbitrarily
close to the trivial subgroup. However H ′ = H works for any Lie G [Pal61, 4.2.1].
The following rigidity lemma is a consequence of the approximate-slice theorem.
Lemma 2.5. Let G be a locally compact Hausdorff group. Let X be a G-set. Write
q : X → X/G for x 7→ Gx. Let T0 ⊆ T1 be G-invariant topologies on X with (X,T0)
Hausdorff and (X,T1) both Tikhonov and Palais. If q∗(T0) = q∗(T1) then T0 = T1.
Recall (X,T) induces the quotient topology q∗(T) := {V ⊆ X/G | q
−1(V ) ∈ T}.
A continuous function is Bourbaki-proper4 means that its product with the iden-
tity function on each topological space is a closed function [Bou61, Definition I:10.1].
A G-action on X is Bourbaki means that the following map is Bourbaki-proper:
G×X −→ X ×X ; (g, x) 7−→ (x, gx).
4If the source of the function is Hausdorff and the target is locally compact, this notion becomes:
(∗) the preimage of any compact subset is compact [Bou61, Proposition I:10.7].
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Proof. First assume G is compact5 Hausdorff. Then, since (X,T1) is Hausdorff, the
orbit map q : (X,T1) −→ (X/G, q∗T1) is Bourbaki-proper [tD87, I:3.6ii]
6. Since
q∗T0 = q∗T1, this orbit map is the composite of the continuous functions idX :
(X,T1) −→ (X,T0) and q : (X,T0) −→ (X/G, q∗T0). Then, since (X,T0) is Haus-
dorff, idX : (X,T1) −→ (X,T0) is Bourbaki-proper [Bou61, Proposition I:10.5d].
Therefore it is a homeomorphism [Bou61, Proposition I:10.2]. That is, T0 = T1.
Now assume G is locally compact Hausdorff. Fix O ∈ T1. Let x ∈ O. Since
(X,T1) is Tikhonov with Palais G-action, by the approximate-slice theorem (2.2),
there exist both a compact subgroup H of G and an H-slice S such that x ∈ S ⊂ O.
Write i : S −→ X and j : GS −→ X for the inclusions. Since q∗T0 = q∗T1, note
(S, i∗T0)/H = (GS, j
∗
T0)/G = (GS, j
∗
T1)/G = (S, i
∗
T1)/H.
Then, by the previous paragraph applied to the H-set S, we obtain i∗T0 = i
∗T1.
The G-tube (GS, j∗Tk) is canonically homeomorphic to the balanced product G×H
(S, i∗Tk) [Abe78, 3.5]. Then j
∗T0 = j
∗T1. So x ∈ O ∩GS ∈ T0. Thus O ∈ T0. 
The statement of the following correspondence, for G a compact Lie group, is
originally due to Segal–Kosniowski [Kos74, p90]. Our notation follows tomDieck’s
proof [tD87, I:7.2, I:7.3] for G a compact Hausdorff group, which we now generalize:
IG(X,Y ) := {(x, y) ∈ X × Y | Gx 6 Gy}
MG(X,Y ) := IG(X,Y )/G;
G acts on IG(X,Y ) by g(x, y) := (gx, gy) and Map(X,Y ) by g(f)(x) := g
−1f(gx).
Proposition 2.6. Let G be a locally compact Hausdorff group. Let X and Y be
Tikhonov spaces with Palais G-actions. WriteMap(X,Y )G for the set of continuous
G-functions X → Y , and Sec(pi) for the set of continuous sections of the map
pi :MG(X,Y ) −→ X/G ; G(x, y) 7−→ Gx.
Then the following well-defined function is a bijection:
Γ : Map(X,Y )G −→ Sec(pi) ; f 7−→ (Gx 7→ G(x, fx)).
Proof. Consider the pullback G-space Z := lim(MG(X,Y )
pi
−−→ X/G
q
←−− X). By
[tD87, Proposition I:7.2], it suffices to show that thisG-map is aG-homeomorphism:
φ : IG(X,Y ) −→ Z ; (x, y) 7−→ (G(x, y), x).
Clearly it is surjective. If φ(x, y) = φ(x′, y′) then x = x′ and G(x, y) = G(x, y′),
that is, there exists g ∈ G such that gx = x and gy = y′, so g ∈ Gx 6 Gy hence
y = gy = y′. Thus φ is injective. Therefore the continuous G-map φ is a bijection.
Since the G-actions on X and Y are Palais, the diagonal action on X × Y is
Palais [Pal61, 1.3.3]. So the G-subspace IG(X,Y ) of X × Y is Palais [Pal61, 1.3.1].
Therefore its quotient MG(X,Y ) is Tikhonov [Pal61, 1.2.8] hence Hausdorff. Since
X is Hausdorff, the subspace Z of MG(X,Y )×X is Hausdorff. Also, since X and
Y are Tikhonov, the product X×Y is, so subspace IG(X,Y ) is also [Mun00, 33.2].
Observe the projectionZ/G −→MG(X,Y ) is a homeomorphism [tD87, 3.25(14)].
Furthermore, the induced map φ/G :MG(X,Y ) −→ Z/G is the continuous inverse.
Write T1 for the topology on IG(X,Y ). Write T
′
0 for the topology on Z. Write
5This part of the argument is a reformulation of the latter half of tomDieck’s [tD87, Proof I:7.3].
6The proof of Part(ii) implicitly assumes locally compact in its characterization (∗) of ‘proper’.
A faster proof is by applying Part(i) to a product with any space equipped with a trivial G-action.
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T0 := φ
∗(T′0) for the φ-induced topology on IG(X,Y ), which is coarser than T1.
Therefore, by Lemma 2.5, the bijective G-map φ is a homeomorphism. 
Historically, Proposition 2.6 is a useful conversion trick in transformation groups.
Lashof [Las81] used this trick so Jaworowski could improve from [Jaw76] to [Jaw81].
The case of X and Y being the total spaces of principal G-bundles is [Bre72, II:2.6].
3. Local finiteness of orbit types, I: transtoral induction
The arguments of GD Mostow inspired this induction scheme [Bor60, VII:2.1].
Lemma 3.1 (Bredon). Let K be a compact Lie group (maybe disconnected). Let S0
be a conjugation-invariant set of closed subgroups of K. Let T be a maximal torus.
If {S ∩ T | S ∈ S0} is finite, then S0 has only finitely many conjugacy classes.
Remark 3.2. Any compact Lie group K has a maximal torus unique up to conju-
gacy [Bou82, IX:2.2]. Let G be a Lie group. The Cartan–Malcev–Iwasawa theorem
[Iwa49, 6] states that there is a conjugacy-unique maximal compact subgroup K of
the identity component Ge of G. Then G has a conjugacy-unique maximal torus T .
Definition 3.3. Let S be a collection of subsets of a topological group G. Herein,
we say that S is compactly supported if it is closed under conjugation in G and
there exists a compact set C in G such that each subset S ∈ S is conjugate into C.
Remark 3.4. Let G be a virtually connected Lie group, that is, with only finitely
many components. Let S be a conjugation-invariant set of compact subgroups of G.
Mostow extends the theorem of Remark 3.2: there is a maximal compact subgroup
K of such G unique up to conjugacy [Mos55, 3.1]. Then S is compactly supported;
this fails for the group G =
⊕
n∈N Z/n, which has no maximal compact subgroup.
Our notion of (S)-maximal below is stronger than maximal in (CptSgpS(G),6).
Definition 3.5. Let G be an arbitrary Lie group. For any compact subgroups H
and K of G, write H 4 K to mean that a G-conjugate of H is a subgroup of K.
Since closed subgroups of G are Lie (Cartan’s theorem [Car30, 27]) and compact Lie
groups are cohopfian (injective endomorphisms are bijective), 4 satisfies antisym-
metry. Hence 4 is a partial order on the set CptSgp(G) of compact subgroups of G.
Let S be a subset ofG. Write CptSgpS(G) for the subset of CptSgp(G) consisting
of compact subgroups of G contained in S; it may be empty. By H ∈ CptSgpS(G)
is (S)-maximal we mean: if H 4 K ∈ CptSgpS(G) then K is a G-conjugate of H .
For Lie groups with any discrete pi0, here is a downgrade of Mostow’s theorem.
Proposition 3.6. Let G be an arbitrary Lie group. Let C be a compact subset of G.
Any compact subgroup of G in C conjugates into a (C)-maximal compact subgroup.
Moreover, the set of conjugacy classes of (C)-maximal compact subgroups is finite7.
Proof. Recall [Hau27, §28.1] that the set Cpt(X) of nonempty compact subsets of a
metric space (X, d) is topologized by the Hausdorff–Pompeiu metric dHP defined by
dHP (A,B) := max
{
sup
a∈A
d(a,B), sup
b∈B
d(b, A)
}
where d(x, S) := inf
y∈S
d(x, y).
Since C is compact, Cpt(C) is compact [Mun00, 45:7d] ([Pri40, §3]). Since multi-
plication and inversion in G are continuous, it follows that any Cauchy sequence in
7The shape of the compact subset effects uniqueness, for example G = U1×U1 and C = U1∨U1.
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CptSgpC(G) converges in CptSgpC(G), as a limit already exists in (Cpt(C), dHP ).
Then CptSgpC(G) is closed in Cpt(C) so compact
8 with respect to the metric dHP .
Fix K0 ∈ CptSgpC(G). Let {Kα}α∈L be a nonempty chain with each Kα < K0
in the partially ordered set (CptSgpC(G),4) of Definition 3.5. (Here, a chain is a
subset L of CptSgpC(G) whose partial order restricts to a linear order on L.) Since
CptSgpC(G) is sequentially compact and every chain is a (Moore–Smith) net, by a
theorem of Kelley [Kel50, 24], the chain {Kα}α∈L has a convergent subnet. That
is, there exist K ∈ CptSgpC(G) with K < K0 and cofinal L
′ ⊂ L satisfying: for
each ε > 0, there exists β ∈ L′ such that dHP (Kα,K) < ε for all β 4 α ∈ L
′.
Since K is compact and G is Lie, by Palais’ generalization of the Montgomery–
Zippin neighboring-subgroups theorem [Pal61, 4.2], there exists ε > 0 satisfying: if
K ′ ∈ CptSgp(G) and dHP (K
′,K) < ε then K ′ is conjugate into K. Then there
exists a confinal subchain L′ ⊂ L and β ∈ L′ such that Kα 4 K for all β 4 α ∈ L
′.
Since L′ is cofinal in the linearly ordered L, it follows thatKα 4 K for all α ∈ L. So,
by Zorn’s lemma [Zor35], K0 conjugates into a (C)-maximal element of CptSgp(G).
Assume the set M of (C)-maximal compact subgroups of G has infinitely many
conjugacy classes. By the axiom of choice, there is an infinite subset M0 of M with
pairwise distinct conjugacy classes. Since CptSgpC(G) is compact metric, M0 has
an accumulation point K. By Palais’ neighboring-subgroups theorem [Pal61, 4.2],
there exists ε > 0 satisfying: if K ′ ∈ CptSgp(G) and dHP (K
′,K) < ε thenK ′ 4 K.
There are distinct K ′,K ′′ ∈M0 that are ε-close to K. Then K
′ 4 K and K ′′ 4 K.
By (C)-maximality, note (K ′) = (K) = (K ′′), which contradicts the distinctness of
conjugacy classes inM0. Therefore M has only finitely many conjugacy classes. 
We generalize the induction scheme of Lemma 3.1, to be useful for our purposes.
Corollary 3.7. Let G be a Lie group (maybe disconnected). Let S be a compactly
supported set of closed subgroups of G. Let T be a maximal torus in G (see 3.2).
If {S ∩ T | S ∈ S} is finite, then S consists of only finitely many conjugacy classes.
Proof. The conclusion is immediate from Proposition 3.6 and Lemma 3.1. 
4. Local finiteness of orbit types, II: miscellaneous applications
Recall any abelian Lie group is isomorphic to the finite product of cyclic groups
(finite or infinite), the multiplicative group U1 of unit-norm complex numbers, and
the additive group R of real numbers [Bre72, 0:5.4]. That is, it is the product of a
finitely generated abelian group, a finite-dimensional torus, and a euclidean space.
Lemma 4.1. Let A be an abelian Lie group. Let (V, ‖ · ‖) be an A-Banach space.
Any convex simplex in a Palais A-subset V0 of V has only finitely many orbit types.
Proof. Let ∆ be a convex simplex in V0. We shall proceed by induction on dim(∆).
Suppose dim(∆) = 1. Assume the set OA(∆) of A-orbit types (1.1) is infinite.
Since ∆ is compact, there exist x ∈ ∆ and a sequence {xn} in ∆ with ‖xn−x‖ ց 0
and the isotropy groups Axn being distinct (that is, non-conjugate in abelian A).
Since the action of A on V0 is Palais, there exists an Ax-tube at x (2.1, 2.2), that
is an A-neighborhood U of Ax in V0 and A-map f : U −→ A/Ax [Pal61, 2.1.1].
There is N so that, for all n > N , we have xn ∈ U hence Axn 6 Ax as A is abelian.
The isotropy of any point on the line from such xn to x contains Axn ∩Ax = Axn .
Then AxN 6 AxN+1 6 AxN , by collinearity in ∆. This contradicts AxN 6= AxN+1.
8This step is a Lie-group analogue of Blaschke’s selection theorem for convex sets [Bla16, 18.I].
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Inductively assume that the lemma is true for all convex simplices in V0 of
dimension d > 0. Suppose dim(∆) = d + 1. Assume that OA(∆) is infinite. Since
∆ is compact, there exist x ∈ ∆ and a sequence {xn} in ∆ with ‖xn − x‖ ց 0
and the isotropy groups Axn being distinct. Since the action of A on V0 is Palais,
there exists an Ax-tube (U, f) at x (2.1, 2.2). By the pigeonhole principle, there
exist a convex (d + 1)-simplex ∆′ and a d-dimensional face ∆′′ of ∆′ such that
x ∈ ∆′ ⊂ ∆∩U and, for infinitely many n, the line Ln from x to xn intersects ∆
′′.
Re-index so that this statement is true for all n. For each n, write {yn} := Ln∩∆
′′.
By inductive hypothesis, OA(∆
′′) is finite. So the subset OA{yn | n ∈ N} is finite.
However, by the collinearity argument of the basic step, within anyAx-tube through
x, the line from x to any other point in U has constant isotropy in U away from x.
Then Axn = Ayn in Ln for each n. So OA{xn | n ∈ N} is finite, a contradiction. 
Corollary 4.2. Let G be an arbitrary Lie group. Let (V, ‖·‖) be a G-Banach space.
Any convex simplex in a Palais G-subset consists of only finitely many orbit types.
Proof. Let ∆ be a convex simplex in Palais V0. Since the G-space V0 is Bourbaki
[Bil04, 1.6c], the set C := {g ∈ G | g∆ ∩∆ 6= ∅} is compact [tD87, I:3.21]. Then⋃
OG(∆) is supported in C. So, by Corollary 3.7 and Lemma 4.1, we are done. 
Remark 4.3. If K is compact and dim V is finite, by covering the unit sphere by
orthogonal-action charts [Boc45, 4], inductively any orthogonalK-representation V
has finitely many orbit types [Bre72, Exercise II:2]. Using a locally finite covering
by linear Gx-tubes, any Palais locally linear G-manifoldM locally has finitely many
orbit types; the original case of compact group K and smooth K-manifold is due
to CT Yang [Yan57]. Yang’s result is a step in Lemma 3.1, used for Corollary 4.2.
Next, we shall explore OG for the convex hull co(C) of infinite subsets C ⊂ V :
that is, co(C) is the intersection of all convex sets of V containing C [Rud91, 3.19a].
Equivalently, co(C) is the set of (finite) convex linear combinations of points in C.
Recall that there exist compact C whose co(C) is not closed [Rud91, Exercise 3:20].
Write co(C) for the closed convex hull, that is, the metric closure in V of co(C).
Equivalently, co(C) is the intersection of all closed convex sets of V containing C.
For any subset C ⊂ V and ε > 0, consider the closed neighborhood Dε(C) in co(C):
Dε(C) := {y ∈ co(C) | d(y, C) 6 ε}.
Lemma 4.4. Let A be an abelian Lie group. Let (V, ‖ · ‖) be an A-Banach space.
Let V0 be a convex Palais A-subset of V . Let C ⊂ IntV0 be a compact set of only a
single orbit type. There exists ε > 0 such that Dε(C) has only a single orbit type.
Proof. Since the action of A on co(C) ⊂ V0 is Palais, at each point x ∈ C there is an
Ax-tube (Ux ⊂ co(C), fx : Ux −→ A/Ax) [Pal61, 2.3.1]. Since C is compact, there
exists ε > 0 such that the open neighborhood
⋃
x∈C Ux of C in co(C) contains the
closed neighborhood Dε(C) [Mun00, Exercise 27:2d]. We show OA(DεC) = OA(C).
Since A is abelian, each point of C has common isotropy K 6 A. If y ∈ co(C),
note Ay > K. If y ∈ co(C)− co(C), there exist an Ay-tube (Uy ⊂ co(C), fy) and a
point z ∈ Uy ∩ co(C), so Ay > Az > K. Thus, for each y ∈ Dε(C), we have both
Ay > K and a point x ∈ C such that y ∈ Ux, so Ay 6 Ax = K, hence Ay = K. 
Corollary 4.5. Let G be an arbitrary Lie group. Let (V, ‖·‖) be a G-Banach space.
Let V0 be a convex Palais G-subset of V . Let T be a maximal torus in G (see 3.2).
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Let C ⊂ IntV0 be a compact set of only a single T -orbit type. There exists ε > 0
such that Dε(C) ⊃ C has only finitely many G-orbit types.
Proof. By Lemma 4.4, there exists ε > 0 so that Dε(C) has a single T -orbit type.
Since co(C) is compact [Rud91, 3.20c], the above closed set is also [Mun00, 26.2].
So, since Dε(C) ⊂ V0 is compact and the G-space V0 is Bourbaki [Bil04, 1.6c], the
subset C′ := {g ∈ G | gDε(C) ∩Dε(C) 6= ∅} of G also is compact [tD87, I:3.21].
Then
⋃
OG(DεC) is supported in C
′. So, by Corollary 3.7, we are done. 
5. Equivariant absolute neighborhood retracts, II
For his inductive methods of proof, this technical notion was declared in [Jaw81].
Definition 5.1 (Jaworowski). Any G-spaceX having finite structure means that
X has only finitely many orbit types and, for each orbit type (H), the quotient map
X(H) −→ X(H)/G is a G/H-fiber bundle with only finitely many local trivializa-
tions. Here (H) is the conjugacy class ofH inG andX(H) := {x ∈ X | (Gx) = (H)}.
It led to a characterization that was the culmination of three papers [Jaw81, 4.2].
Much later, the separable hypothesis was able to be removed by [AAMV17, 1.6].
Lemma 5.2 (Jaworowski). Let K be a compact Lie group. Let X be a K-metrizable
space of finite structure. Then X is a K-ANE for the class of K-metrizable spaces
if and only if, for each closed subgroup H of K, the H-skeleton XH is ANR for M.
The following shorter property occurs in the K-metric spaces of [AAMV17, 4.1].
Definition 5.3. A G-space is FTC (finite trivializing covers) if it satisfies the
definition of finite structure (5.1) without assumption of finitely many orbit types.
We affirm [AAMV17, Question 6.5] by removal of the linearity of the Lie group.
Theorem 5.4. Let G be an arbitrary Lie group. Let T be a maximal torus in G.
Let X be a Palais G-metrizable space supporting only finitely many T -orbit types.9
Suppose X is K-FTC for all compact subgroups K < G. Then X is a G-ANR for
the class G-M if and only if: XK is ANR for the class M for any compact K < G.
Proof. Let K be any compact subgroup of G. Let T ′ be a maximal torus in K.
Since the maximal tori of G are unique up to conjugacy (3.2), we may assume that
T ′ 6 T . Since T ′ is central in T , there exists a restriction OT (X) −→ OT ′(X),
which is automatically surjective. Hence OT ′(X) is finite (compare [Pal60, 1.7.30]).
So OK(X) is finite (3.1). Since X is K-FTC, we conclude X has K-finite structure.
First, suppose that X ∈ G-ANR(G-M). Then XK ∈ ANR(M) by Lemma 1.9.
Conversely, suppose that XH ∈ ANR(M) for any compact H < G. Since X has
K-finite structure and XH ∈ ANR(M) for all closed H 6 K, X ∈ K-ANE(K-M)
by Lemma 5.2. Since this is true for all K, X ∈ G-ANR(G-M) by Lemma 1.6. 
Recently, Lemma 5.2 is generalized to include linear Lie groups [AAMV17, 6.1].
Corollary 5.5 (Antonyan–Antonyan–Mata-Romero–Vargas-Betancourt). Let L be
a linear Lie group. Let X be any Palais L-metrizable space having finite structure.
Then X is an L-ANE for the class of Palais L-metrizable spaces if and only if, for
each compact subgroup K of L, XK is an ANR for the class of metrizable spaces.
9Assume X is FUI (see Definition 6.1). Then X has only finitely many G-orbit types (6.4, 3.7).
Moreover, it suffices to check the K-FTC hypothesis only on the upper bounds K1, . . . , Kn (1.7).
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The proof of this as a corollary shall appear below, after the following key lemma.
Linearity of L forces keeping the hypothesis of X under restriction [AAMV17, 6.4].
Lemma 5.6 (Antonyan–Antonyan–Mata-Romero–Vargas-Betancourt). Let L be a
linear Lie group. Let X be a Palais L-metrizable space of finite structure. For any
compact subgroup K of L, the restriction of the K-action on X has finite structure.
Proof of Corollary 5.5. Let K be any compact subgroup of L. Since X is assumed
to have L-finite structure, by Lemma 5.6, it has both T -finite structure and K-
finite structure. Therefore X has only finitely many T -orbit types and is K-FTC.
Consequently, the L-ANE criterion follows immediately from Theorem 5.4. 
Now, we turn to relating FTC to finite covering dimension. The next two results
are folklore recorded by G Bredon in the case of P being a finite simplicial complex.
Lemma 5.7 (Bredon). Let A a closed subset of a paracompact Hausdorff space X.
Let P be a locally finite simplicial complex10 having only countably many vertices.11
Suppose X has covering dimension 6 n and P is (n−1)-connected for some n ∈ N.
Then any continuous function A −→ P extends to a continuous function X −→ P .
Proof. Do verbatim with [Bre72, II:9.1], using P ∈ ANE(T4) [Hu65, III:11.7d]. 
Corollary 5.8 (Bredon). Let n ∈ N. Let A be a closed subset of a paracompact
Hausdorff space B with dim(B) 6 n. Let F be an (n − 1)-connected, countable,
locally finite simplicial complex. Let F −→ E −→ B be a fiber-bundle sequence.
Any continuous section A −→ E can be extended to a continuous section B −→ E.
Proof. Do verbatim with [Bre72, II:9.2], using Lemma 5.7 for [Bre72, II:9.1]. 
We arrive at a classification theorem that becomes Bredon’s [Bre72, II:9.3, 9.7i]
when G is a compact Lie group and his isotropy groups are limited to be trivial.
In turn, Bredon’s theorem generalized Palais’ [Pal60, 2.6.2] from requiring B to be
locally compact, second countable, and Hausdorff [Pal60, 2.1.1] to B paracompact.
Theorem 5.9. Let G be an arbitrary Lie group. Recall the join EnG := ⋆
n
i=0G.
Let G −→ E
pi
−−→ B be a principal G-bundle with B both paracompact Hausdorff
and of covering dimension 6 n. There exist both a map f : B −→ BnG := EnG/G
and a G-equivariant homeomorphism E −→ f∗(EnG) inducing the identity on B.
Relatively further, if dim(B) < n then isomorphic bundles have homotopic maps.
Proof. In general, the quotient topology on the join EnG is finer than Milnor’s
strong topology, and the inclusion is a homotopy equivalence [Rut72, Theorem 1].
Then EnG is (n− 1)-connected [Mil56, 2.3] in the quotient topology also.
Since G is a manifold of class C1, it admits a triangulation [Whi40, Theorem 7].
Since G is separable and locally compact, the triangulation is countable and locally
finite. So the induced quotient triangulation of EnG also has these two properties.
Then, by Corollary 5.8, the bundle EnG −→ EnG×GE −→ B admits a section.
This section corresponds to a G-map E −→ EnG [Bre72, II:2.6], which induces a
map f : B −→ BnG, yielding a G-map E −→ f
∗(EnG) inducing the identity on B.
In order to show this continuous bijection is open, it remains to apply Lemma 2.5.
10For locally finite complexes, the CW topology and the euclidean-metric topology are equal.
11The homotopy type of a countable CW complex contains such a polytope P [Whi49, Thm 13].
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Since G and B are Hausdorff, so is f∗(EnG) by local triviality. Since G is locally
compact and B is Hausdorff, the G-action on E is Palais (1.3) by local triviality. We
now explicitly show that E is Tikhonov. Let C ⊂ E be closed and x ∈ E−C. There
are a neighborhood U of pi(x) in B and a G-homeomorphism φ : pi−1(U) −→ G×U .
Since B is regular [Die44, 1a], there is a subneighborhood V of x in B with V ⊂ U .
Then, since B is normal [Die44, 1b], by Urysohn’s lemma [Ury25, 25], there exists
a map β : B −→ [0, 1] with β(V ) = {1} and β(B − U) = {0}. Since G and U
are Tikhonov, so is the product G× U [Eng89, 1.5.8, 2.3.11]. Then there is a map
α : G × U −→ [0, 1] with α(φ(x)) = 1 and α(φ(C ∩ pi−1U)) = {0}. So the map
γ := (α ◦ φ) · (β ◦ pi) : E −→ [0, 1] satisfies γ(x) = 1 and γ(C) = {0}. Thus E is
Tikhonov. Therefore E −→ f∗(EnG) is a G-homeomorphism, by Lemma 2.5. 
Remark 5.10. For G a compact Lie group, an n-classifying bundle exists for B
a finite polytope [Ste51, 19.6]. Our theorem was excluded after the construction
of En(G) in [Mil56], but Dold [Dol63, 7.6] implies it classifies over paracompact B
with dim(B) 6 n replaced by B locally a neighborhood retract of euclidean n-space.
The relaxed case n = ℵ0 [Dol63, 7.5] is easier to achieve [tD66, II] [Hus66, 4.12.2].
For compact Lie G, [Las81, 4] and [Jaw81, 1.3] asserted a version of the following.
Proposition 5.11. Let G be an arbitrary Lie group. Let X be a Palais G-space with
orbit space X/G both of finite covering dimension and hereditarily paracompact
(that is, all subspaces are paracompact). Then X satisfies the FTC property (5.3).12
Proof. Let H be a compact subgroup of G. By Cartan’s closed subgroup theorem
[Car30, 27], both H and its normalizer NGH are Lie. Consider the Weyl group
WGH := NGH/H . Note X(H) = G/H ×WGH XH as G-spaces. Since the induced
action of the Lie group WGH on XH is Palais [Pal61, 1.3.1], XH is covered by H-
tubes [Pal61, 2.3.1]. Therefore XH is the total space of a principal WGH-bundle.
Since implicitly X is Tikhonov (1.3), so is X/G [Pal61, 1.2.8]. Since X/G
is hereditarily paracompact Hausdorff, by Engelking’s monotonicity of dimension
[Eng78, 2.1.5, 3.1.19], dim(XH/WGH) 6 dim(X/G). Also, Milnor covers the prin-
cipal bundle En(WGH) with n + 1 explicit local trivializations [Mil56, Proof 3.1].
Then, since the subspaceXH/WGH ofX/G is paracompact Hausdorff, Theorem 5.9
implies that XH has a finite cover by local trivializations. Therefore X is FTC. 
Remark 5.12 (Stone). Any metrizable space is hereditarily paracompact [Sto48].
Remark 5.13 (Ageev). There is another version of Lemma 5.2, where K is any
compact Hausdorff group and X is K-metrizable space of finite covering dimension
[Age95]. Later, SM Ageev constructed a counterexample for K = U1 showing that
this finite-dimensional hypothesis on X cannot be removed for the reverse implica-
tion of his version [Age10]. Therefore, it seems that the FTC condition is purely
theoretical and not distinguishable from finite covering dimension in applications.
Here is a more practical form of Theorem 5.4 that is devoid of mention of FTC.
For G compact, Jaworowski’s G-ENR theorem [Jaw76] has X ’s hypotheses below.
Theorem 5.14. Let G be an arbitrary Lie group. Let X be a Palais G-metrizable
space. Suppose X is separable, locally compact, and of finite covering dimension.
Let T be a maximal torus in G. Assume OT (C) is finite for each compact C ⊂ X.
12A fortiori, the proof shows each X(H) has a trivializing cover by 1 + dim(X/G) open sets.
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Then X is G-ANR for the class G-M of Palais G-metrizable spaces if and only if,
for each compact subgroup K of G, the K-skeleton XK is an ANR for the class M.
Proof. Let K be a compact subgroup of G. In particular, K is Lie [Car30, 27].
First, suppose that X ∈ G-ANR(G-M). Then XK ∈ ANR(M) by Lemma 1.9.
Conversely, suppose that XH ∈ ANR(M) for each compact H < G. Let x ∈ X .
Since X is locally compact, there is a precompact open neighborhood Ux of x in
X . Since OT (Ux) is assumed to be finite, as in Proof 5.4, we have that OK(Ux)
is finite. Then OK(KUx) is finite. Since X is separable metric, Palais shows
dim(X/K) 6 dim(X) [Pal60, 1.7.32]. Since X/K is metrizable, it is hereditarily
paracompact Hausdorff (5.12). Then X/K is hereditarily normal [Die44, 1] and
hereditarily metacompact. So dim(KUx/K) 6 dim(X/K) < ∞ by Engelking’s
monotonicity of dimension [Eng78, 2.1.5, 3.1.19]. Thus KUx is K-FTC (5.11).
Hence KUx has K-finite structure. Since KUx is open in X , by Hanner’s global-
to-local principle [Hu65, III:7.9], each closed H 6 K has (KUx)
H = KUx ∩X
H ∈
ANR(M). Therefore KUx ∈ K-ANE(K-M) by Jaworowski’s criterion (5.2). Then
X =
⋃
x∈X KUx ∈ K-ANE(K-M) by Antonyan’s open-union theorem [Ant05, 5.7]
as K-M ⊂ K-P [Kha, 2.3]. Thus X ∈ G-ANE(G-M) by Abels’ induction (1.6). 
6. Finiteness of orbit types and of covering dimension
In the first part of this section, we make a miscellaneous definition and a sequence
of comparative observations that reflect more on concepts of the previous section.
Definition 6.1. Let G be a topological group. A Cartan G-space X being FUI
(finite upper isotropies) shall mean that
⋃
OGX has only finitely many conju-
gacy classes of upper bounds in the preordered set (CptSgpG,4) of Definition 3.5.
Example 6.2. If X has finitely many orbit types, then X has the FUI property.
Example 6.3. Let G be a locally compact Hausdorff group. Let X be a Palais
G-space with X Tikhonov and X/G compact. Any G-subset of X is FUI using 2.2.
Lemma 6.4. Let G be a topological group. Let X be a Cartan G-space satisfying
the FUI property. The union
⋃
OG(X) of orbit types is compactly supported (3.3).
Proof. Let K1, . . . ,Kn represent the upper bounds of
⋃
OG(X) in (CptSgpG,4).
Note C :=
⋃n
i=1Ki is compact. For all x ∈ X , then Gx 4 Ki ⊆ C for some i. 
Our contribution shall be to notice an equivalence with the maximal torus (3.2).
Proposition 6.5. Let L be any linear Lie group. Let T be a maximal torus in
L. Let X be a Palais L-metrizable space satisfying FTC. Then X has only finitely
many L-orbit types if and only if X is FUI and has only finitely many T -orbit types.
Proof. On the one hand, suppose that X has only finitely many L-orbit types.
Then X is FUI by Example 6.2. Since X is L-FTC, it has L-finite structure. So X
has T -finite structure by Lemma 5.6, hence it has only finitely many T -orbit types.
Conversely, suppose X is FUI and has only finitely many T -orbit types. By
Lemma 6.4 then Corollary 3.7, we find X has only finitely many L-orbit types. 
In the second part of this section, we state a folklore result from dimension theory
(see after [Dra88a, Проблема 2]), which shall be documented by FD Ancel [Anc].
For locally compact spaces, dimZ is Z-Cˇech cohomological dimension in the sense of
Cohen [Coh54, 2.10]; for normal spaces, dim is Cˇech–Lebesgue covering dimension.
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Lemma 6.6 (Kozlowski). Let X ∈ ANR(M) be a locally compact space. Suppose
dimZ(X) = n <∞. Then X has finite covering dimension. Moreover, dim(X) = n.
A counterexample exists by A Dranishnikov if instead X ∈M compact [Dra88b].
7. Equivariant topological manifolds
The following generalization of [Kha, Theorem 3.1] now includes nonlinear cases.
Theorem 7.1. Let G be an arbitrary Lie group. Let M be a cohomology manifold
over Z that is both separable and metrizable. Suppose M has a Palais G-action and
the K-skeleton MK is an ANR for metrizable spaces for each compact subgroup K
of G. Then M is G-homotopy equivalent to a countable proper G-CW complex.
Proof. Let T denote a maximal torus in G (see Remark 3.2). By the Mann–Floyd
theorem [Bor60, VI:1.1], any compact set inM has only finitely many T -orbit types.
Note M is G-metrizable, since M is metrizable and both G and M are separable
(1.4). Recall the definition of Z-cohomology manifold [Bor60, I:3.3] includes locally
compact [Bor60, I:1.1] and finite Z-Cˇech cohomological dimension [Coh54, 2.10].
Then M ∈ G-ANR(G-M) by Theorem 5.14, since M has finite covering dimension
(6.6). So M is G-homotopy equivalent to a proper G-CW complex [AE09, 1.1]. As
M is separable, ‘countable’ is verbatim with the second half of [Kha, Proof 3.1]. 
Definition 7.2. By topological G-manifold [Kha18, 2.2], we mean that the H-
skeleton is a topological (C0) manifold for each closed subgroup H of a topological
group G. Any topological manifold is separable, metrizable, and locally euclidean.
Finally, we generalize [Kha, Corollary 3.2] beyond the Lie group G being linear.
Recall a G-CW complex is countable if it has countably many G-cells [Mat71, 1.4].
Corollary 7.3. Let G be an arbitrary Lie group. Any topological G-manifold with
Palais action has equivariant homotopy type of a countable proper G-CW complex.
Proof. Let M be a topological G-manifold with Palais action. By Hanner’s local-
to-global principle [Hu65, III:8.3], each manifold MH is an ANR for the class of
metrizable spaces. Also M is separable, metrizable, and a Z-cohomology manifold.
Therefore we are done by Theorem 7.1. 
Next, we generalize [Kha18, Corollary 3.5] from Γ virtually torsionfree and we
moreover answer [Kha18, Footnote 5], which asked if it is true for Γ residually finite.
Example 7.4. Let Γ be a countable discrete group. Any topological Γ-manifold
with properly discontinuous action has the Γ-homotopy type of a countable Γ-CW
complex. Hence, any Γ-spaceM withMH a contractible manifold if H is finite and
empty otherwise is a manifold model for EfinΓ in the sense of [CDK14] [CDK15].
Thus more tractible are its Davis–Lu¨ck OrΓ-spectral homology groups [DL98,
3.7, 4.3], since we conclude countability of the Γ-CW complex that left-approximates.
Corollary 7.5. Let G be any Lie group. Let f : M −→ N be a G-map between
topological G-manifolds with Palais actions. Then f is a G-homotopy equivalence if
and only if fK :MK −→ NK is a homotopy equivalence for each compact K < G.
Proof. This is immediate from Corollary 7.3 and the corresponding theorem for
G-CW complexes [tD87, II:2.7], which is proven using G-obstruction theory. 
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In particular, we generalize Elfving’s improved thesis [Elf01, Theorem 1]. The
definition of locally linear, along with some discussion, is found in [Kha18, 3.6, 3.7].
Note any smoothable action is locally linear, but not vice versa; see [Bre72, VI:9.6].
Corollary 7.6 (Elfving). Let G be any Lie group. Any locally linear G-manifold
with Palais action has the equivariant homotopy type of a G-CW complex.
Proof. This special case now follows immediately from Corollary 7.3. 
[Kha, §4] has four uncountable families of G-manifolds that are not locally linear.
Acknowledgements. I thank Christopher Connell for various basic discussions. I
am grateful to Ric Ancel and Alex Dranishnikov for email dialogue on Lemma 6.6.
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